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Considering one-body and two-body currents, we study the photoassociation and photodissocia-
tion of universal bosonic trimers. Analyzing the relative importance of these currents we identify
two physical scenarios (i) Normal hierarchy, where naive power counting holds and the one-body
current dominates, and (ii) Strong hierarchy, where the one-body current is suppressed. For both
scenarios we observe that at the high frequency tail, the response function exhibits log periodic oscil-
lations in transition to or from any continuum state regardless of the reaction partial wave channel.
In contrast, near threshold log periodic oscillations appear only in the leading s-wave components.
These oscillations are the fingerprints of universal Efimov physics. We discuss the relevance of this
effect to contemporary experiments in ultracold atoms.
PACS numbers: 31.15.ac,67.85.-d,34.50.-s
Introduction — The low energy physics of two neutral
particles interacting via short range force depends on a
single parameter, the s-wave scattering length a. As long
as the energy of the system is much smaller than ~2/Mr20,
the energy scale associated with the typical range of the
potential r0 and the mass M , the properties of the system
are indifferent to the details of the inter particle force. In
this limit the system is said to exhibit universal behavior
that is independent of its actual constituents.
The window for probing universality opens up when
the scattering length a is much larger than the typical
range of the potential r0. Such is the situation in nuclear
physics [1], in Helium molecules [2] and in magnetically
manipulated ultracold atoms [3].
Under the condition |a|  r0 universality can be mani-
fested not only in the two-body case but also in other few
and many-body systems. The system of three identical
bosons is a particular case. In the limit of resonating two-
body interaction |a| −→ ∞ universality is associated with
a series of weakly bound three-body states, known as Efi-
mov trimers [4, 5], that appear even when the interaction
supports no bound dimer. The spectra of these trimers
reveals a discrete scaling symmetry, resulting from quan-
tum mechanical breaking of classical scaling symmetry,
that also yields log periodic oscillations in the trimer’s
wave function.
These log periodic oscillations are the fingerprints of
the Efimov effect. They were predicted to appear in
various aspects of universal trimer physics. One exam-
ple is the oscillations of the 3-body recombination rate
constant as a function of the scattering length a [6–11].
Another examples revealing log periodic oscillations are
the atom-dimer scattering length [12] and disintegration
cross-section, and the energy dependent collisional re-
combination rate of Efimov trimers in cold gas [13].
In this manuscript we discuss another aspect of the
Efimov effect that have drawn very little attention so
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far, that is the appearance of log periodic oscillations in
the photo reaction cross section of universal trimers. To
this end we consider one-body and two-body currents and
analyze their relative importance.
Photo Reactions — The photodissociation and the
photoassociation cross sections are both related through
kinematic factors to the photo response function
S(ω) =
∑¯
i
∑
f
|〈Ψf |HˆI |ΨB ,kλ〉|2δ(Ef − EB − ~ω) (1)
that describes the transition of the trimer from a bound
state ΨB with binding energy EB into a continuum state
Ψf with energy Ef by absorbing a photon of momentum
k, polarization λ, and energy ~ω = ~kc.
∑
f stands for
integration over the final states and
∑¯
i averages over the
appropriate initial states.
The coupling between neutral particles and radiation
field takes the form HˆI = −e
∫
dxµ(x) ·∇×A(x) where
µ is the magnetization density and A is the electromag-
netic field. In effective low energy theory [14] the magne-
tization density contains not only one-body current, but
also two-body and more body currents
µ(x) = µ(1)(x) + µ(2)(x) + . . . (2)
Using low momentum expansion, the operators in the
theory can be arranged in powers of k/Λ, andQ/Λ, where
Q is the typical particle momentum of the system under
consideration. Λ is the cutoff momentum of the theory,
it reflects the point ∼ ~/r0 at which short range physics,
ignored by the low energy theory, is becoming impor-
tant. At the leading order (LO) and next to leading
order (NLO) the one-body current takes the form [15]
µ(1)(x) =
∑
j
sj
(
µ0 + L1
k2
Λ2
)
δ(x− rj), (3)
where µ0 is the magnetic moment of a single particle,
rj , sj are the position and spin of particle j, and L1 is
a shape parameter describing the particle’s form factor.
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2The two-body contribution to the current enters at the
next order (N2LO), or (Q/Λ)3, and takes the form [15]
µ(2)(x) =
∑
i<j
(si+sj)
L2
Λ3
δ(x− ri + rj
2
)δΛ(ri−rj) . (4)
The low energy parameter L2 is the coupling constant
between the radiation field and the four boson fields. Its
value can be fixed studying dimer photoreactions. The
notation δΛ(r) stands for Dirac’s δ-function smeared over
distance ~/Λ.
Three-body currents, associated with two more
bosonic fields are suppressed by another factor of (Q/Λ)3
relative to the N2LO two-body current. Consequently, in
the low energy limit Q Λ they can be ignored.
For the bosonic system we assume that the initial and
final state wave functions can be written as a product of
a symmetric spin |χ〉 and configuration space |ψ〉 com-
ponents, |Ψ〉 = |ψ χ〉. We shall further assume that the
spin component of the wave function is frozen throughout
the photoreaction process, thus |χf 〉 = |χB〉. Using these
assumptions, the one-body transition matrix element in
(1) takes the form
〈Ψf |Hˆ(1b)I |ΨB ,kλ〉 = (5)
− i
√
~c2
2V ωk
(
µ0 + L1
k2
Λ2
)
〈s〉
3∑
j=1
〈ψf |eik·rj |ψB〉 ,
whereas the two-body reads
〈Ψf |Hˆ(2b)I |ΨB ,kλ〉 = (6)
− i
√
~c2
2V ωk
L2
Λ3
2〈s〉
3∑
i<j
〈ψf |eik·(ri+rj)/2δΛ(ri − rj)|ψB〉 .
Here 〈s〉 = 13
∑
j〈χB |sj ·(k× eˆkλ)|χB〉, and we have used
box normalization of volume V .
The appearance of log periodic oscillations in the high
frequency tail of spin flip rf reactions in ultracold atoms
was recently predicted by Braaten et al. [16]. Studying
rf reactions in the unitary limit a −→∞ they used effec-
tive field theory methods to analyze the Franck-Condon
factor dominating photo induced spin-flip reactions and
found that in the limit ω −→ ∞ the 3-body response
function takes the form (A1 + A2 sin[s0 ln(~ω/|EB |) +
2φ])/(2mω2), where A1, A2, φ are constants, and s0 ≈
1.00624 is the Efimov parameter.
For frozen spin reactions the Franck-Condon term is
zero, nonetheless, under the assumptions leading to Eqs.
(5)-(6), we will show in the following that (i) In the uni-
tary limit the high frequency tail of the response function
contains log periodic oscillations in all partial waves. (ii)
The leading s-wave component of the response function
exhibits log periodic oscillations throughout the spec-
trum, from threshold to infinity.
In the long wavelength limit, the exponent in the LO
one-body matrix element, Eq. (5), can be expanded to
yield
3∑
j=1
eik·rj ≈ 3 + i
3∑
j=1
k · rj − 1
6
3∑
j=1
k2r2j
− 4pi
15
3∑
j=1
k2r2j
∑
m
Y2−m(kˆ)Y2m(rˆj) + . . . ,(7)
where Ylm are the spherical harmonics. The zeroth order
operator is just the Franck-Condon factor which domi-
nates the spin-flip reaction [17], but has no contribution
in frozen-spin reactions. The first order operator is the
dipole, which for identical particles is proportional to the
center of mass and hence does not affect the relative mo-
tion of the particles. Consequently, the one-body current
is dominated by the O
(
(kr)2
)
quadrupole and r2 opera-
tors [18, 19].
Assuming that the photon energy is of the order of the
binding energy EB and observing that r ≈
√
~2/MEB ,
the long wavelength expansion parameter can be written
as kr ≈ √EB/Mc2 ≈ Q/Mc. Comparing Q/Mc to the
low energy expansion parameter Q/Λ, we see that the
importance of the two-body current depends on the rela-
tive magnitude of the two high momentum scales Λ and
Mc. If the scales are such that Q/Λ  Λ/Mc the two-
body currents appearing at order (Q/Λ)3 is expected to
be much smaller than the second order (kr)2 ≈ (Q/Mc)2
terms. Under this circumstances, we have normal hi-
erarchy as suggested by naive power counting. This is
the situation in any effective low energy theory in the
limit Q −→ 0. The electro-magnetic currents in nu-
clear physics are a fine example of this hierarchy, see e.g.
[15, 20, 21]. On the other hand, when the short range en-
ergy scale is much smaller than the mass scale Λ≪Mc,
we can face a situation where the one-body current pro-
portional to (Q/Mc)2 becomes negligible in comparison
to the two-body current. This case of strong hierarchy
is typical for frozen-spin experiments in ultracold atoms
[22–24]. There, the ratio between the scattering length
and the effective range is much smaller than the separa-
tion between the mass scale and the binding energy.
In the following, after addressing the three-body wave
function in the unitary limit, we would analyze these two
limiting physical scenarios of normal and strong hierar-
chies.
The three-body system — The dynamics of a quan-
tum 3 particle system is governed by the Hamiltonian
H = T + U , where T is the kinetic energy operator and
the potential U is a sum of 2 and 3-body forces. Re-
moving the center of mass coordinate, the system can
be described by the Jacobi vectors x =
√
1
2 (r2 − r1),
and y =
√
2
3
(
r3 − r1+r22
)
, which we transform into
the hyperspherical coordinates (ρ,Ω). ρ2 = x2 + y2,
Ω = (α, xˆ, yˆ) and tanα = x/y.
For low energy physics, when the extension of the wave
function is much larger than the range of the 2-body
potential, one can utilize the zero range approximation,
3where the action of the potential is represented through
appropriate boundary conditions when two particles ap-
proach each other [25]. In a similar fashion, the short
range 3-body force can be replaced by the boundary con-
dition ∂ logψ/∂ log ρ = C at ρ = ρ0. Here we shall as-
sume a hard core potential, i.e. C −→ ∞. The cutoff
hyperradius ρ0 is our three body parameter, and it can
be fitted for example to the trimer’s binding energy.
A remarkable aspect of the zero range approxima-
tion in the unitary limit is the factorization of the wave
function into a product of hyperangular and hyperradial
terms [26], ψ(ρ,Ω) = ρ−5/2R(ρ)Φν(Ω) . The hyperangu-
lar channel functions Φν(Ω) are the solutions of the adi-
abatic hyperangular equation with eigenvalue ν2. The
hyperradial functions R(ρ) are the solutions of the hy-
perradial equation,(
− ∂
2
∂ρ2
+
ν2 − 1/4
ρ2
)
R(ρ) = R(ρ) , (8)
subject to the boundary condition R(ρ0) = 0. Here
 = 2ME/~2. The lowest eigenvalue of the adiabatic
hyperangular equation appears in the s-wave channel
ν0 = is0, all other eigenvalues are positive. The Efimov
effect [4] results from the fact that ν0 is imaginary. It is
limited to the s-wave as there are no imaginary eigenval-
ues of the hyperangular equation in any other channel.
Substituting R = √ρu(ρ), the hyperradial equation
is just the Bessel equation. The bound state solution
for the lowest channel is proportional to the modified
Bessel function of the second kind and imaginary order,√
ρKis0(κρ), where κ =
√−. The value of κ is fixed by
the 3-body boundary condition at ρ0. The result is the
discrete Efimov spectrum, n/0 = e
−2pin/s0 ≈ 515−n.
The normalized wave functions are
R(n)B (ρ) = NBκn
√
ρKis0(κnρ), (9)
where NB =
√
2 sinh(s0pi)/s0pi.
For scattering states  > 0 the hyperradial wave func-
tion is composed of the Bessel functions of the first and
second kind of order ν, and the real part of these func-
tions if ν is imaginary,
Rf (ρ) =
√
qρNs
R
(
sin δRe[Jν(qρ)] + cos δRe[Yν(qρ)]
)
,
(10)
where q =
√
. Here we assume normalization in a sphere
of radius R, andNs = 1/2 (pi) for imaginary (real) ν. The
phase shift δ is to be found from the boundary condition,
Rf (ρ0) = 0.
Normal hierarchy — For the normal hierarchy case, the
one-body current dominates the photo reaction and the
transition matrix element is given by (5). It can be writ-
ten as a power series in the hyperradius ρ in the following
form β1
∑
j e
ik·rj =
∑∞
m=0,µAmµρmYµ(Ω), where β1 is
a prefactor that can be deduced from (5), Yµ(Ω) are the
hyperspherical harmonics [27] that span the hypersphere
Ω, and Amµ are the expansion coefficients. Substituting
this expansion into (5), the transition matrix element be-
tween a bound s-wave state and a continuum state is
〈ψf |β1
∑
j
eik·rj |ψB〉 =
∑
mµ
AmµCµνν0
∫
dρR∗fρmRB ,
(11)
where Cµνν0 = 〈Φν |Yµ|Φν0〉 are the hyperangular ma-
trix elements. Here and in the following we omit the
trimer’s excitation index n since the discussion applies
to any of these states.
Substituting Eqs. (9,10), the matrix elements are pro-
portional to integrals of the type
IJ(ν,m) =
∫ ∞
ρ0
dρRe[Jν(qρ)]ρ
m+1Kis0(κρ). (12)
or IY (ν,m) with Yν replacing Jν . We note that the
bound state is invariant to the Efimov scaling ρ0 −→
e−pi/s0ρ0, therefore we can replace the lower limit of the
integral by zero [28]. Evaluating the integral we get
IJ(ν,m) = Re
[
2mNmν0,ν
κm+2
( q
κ
)ν
2F1
(
a, b; c;−(q/κ)2)]
(13)
where 2F1 is the hypergeometric function with parame-
ters a = m−ν0+ν2 + 1, b =
m+ν0+ν
2 + 1, and c = ν + 1,
and Nmν0,ν = Γ(a)Γ(b)/Γ(c). Similar results are obtained
for IY .
In the limit of reaction close to threshold, q  κ, this
expression can be approximated by,
IJ(ν,m) ≈ Re
[
2mNmν0,ν
κm+2
( q
κ
)ν]
. (14)
For s-wave transition the particles in the final state
may move along the ν = ν0 adiabatic potential and since
(q/κ)ν0 = cos(s0 ln
q
κ ) + i sin(s0 ln
q
κ ), the response func-
tion acquires log periodic oscillations. The remarkable
aspect of this result is the fact that in the long wavelength
limit the s-wave transition operator r2 is the dominant
multipole, and therefore they can be observed, in prin-
ciple, studying photoreactions of Efimov trimers close to
threshold.
In the limit of large energy transfer where q  κ, but
still smaller than the cutoff momentum Λ, the reaction
probes the short range part of the trimer’s wave function
and the transition integral takes the form
IJ(ν,m) ≈ 2
m+1
qm+2
Re
[
Γ(ν0)Γ
(
m−ν0+ν
2 + 1
)
Γ
(−m+ν0+ν
2
) ( q
κ
)ν0]
.
(15)
This result indicate that for any ν the transition matrix
element exhibits log periodic oscillations in the large en-
ergy tail, attenuated by q−m−2. These oscillations reflect
the structure of the Efimov trimers at short distances, Eq.
(9). Consequently, the number of oscillations will reflect
the number of nodes in the trimer’s wave function.
At this point we would like to study in some detail the
response function associated with the r2 operator. As
4we have already indicated, for normal hierarchy this is
the dominant term at low photon energies [29]. The r2
operator is extremely simple,
∑
j r
2
j = ρ
2 + 3R2CM where
RCM is the center of mass radius, and therefore
〈ψf | − β1
6
∑
j
k2r2j |ψB〉 = −
β1k
2
6
NBκ
√
qNs
R
I(ν0, 2) ,
(16)
where I(ν0,m) = IJ(ν0,m) sin δ + IY (ν0,m) cos δ is the
sum of the J and Y transition matrix elements IJ , IY
with m = 2.
To better understand our results, we evaluate the
asymptotic expressions for the reaction matrix elements
at threshold and at the high energy tail. In the limit of
q  κ we obtain
IJ(ν0, 2) ≈ B1
κ4
cos(s0 ln
q
κ
+ φ) (17)
where B1 = 4|ν0 + 1| ≈ 5.6745, φ = tan−1 s0 ≈ 0.78851.
The phase shift is also a log periodic function, conse-
quently, near the threshold the matrix element can be
well approximated by
I(ν0, 2) ≈ 1 + B2
2
cos(2s0 ln
q
κ
) (18)
where B2 ≈ 8.475% is the normalized amplitude of these
oscillations.
Similarly, in the limit q  κ, one gets
IJ(ν0, 2) ≈ −B1
q4
sin(s0 ln
q
κ
+ φ) (19)
However, in this limit δ ≈ pi/4 − qρ0, and the log peri-
odic oscillations are masked by these linear oscillations.
This situation will certainly complicate an experimen-
tal attempt to probe the log periodic oscillations in this
limit.
Substituting the results (16)-(19) in (1) we get a closed
form expression for the response function. Utilizing this
response function, the trimer photoassociation rate in a
gas of temperature T can be easily calculated by aver-
aging the response weighted with the probability P (q)
of finding three particles in the appropriate continuum
state. Assuming the system is in thermal equilibrium
with temperature T , higher than the condensation tem-
perature, P (q) = 1Z
R
pi e
−β~2q2/2M [29]. In Fig. 1 we
present the resulting transition rates for gas with tem-
peratures kBT = 1.5EB , kBT = EB , kBT = 0.5EB , and
kBT = 0.1EB . It can be seen that the number of visi-
ble peaks in the trimer photoassociation rate depends on
the gas temperature, as the oscillations are suppressed
for ~ω ≥ kBT by the Boltzmann factor. In the scale
presented here the log periodic oscillations at the high
frequency tail are unobservable. In reality the lifetime of
the trimer may be short and the oscillations at energies
smaller than the trimer energy width may be smeared.
Strong hierarchy — In case of strong hierarchy where
Λ ≪ M and (Q/Λ)3  (Q/M)2 the subleading two-
body current becomes dominant and the LO one-body
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FIG. 1. (Color online) Normalized trimer photoassociation
rate as a function of rf photon frequency for different gas
temperatures. Blue dashed line kBT = 1.5EB , red dot-dashed
line kBT = EB , green dotted line kBT = 0.5EB , and black
line kBT = 0.1EB .
current is suppressed and becomes negligible. The tran-
sition matrix element (1) is then dominated by the lead-
ing two-body term (6) β2〈ψf |
∑
i<j δΛ(ri − rj)|ψB〉 =
3β2/
√
8〈ψf |δΛ(x)|ψB〉, with β2 = −i
√
~c2
2V ωk
L2
Λ3 2〈s〉.
The behavior of the wave function when two parti-
cles approach each other is governed by the contact in-
teraction. In particular, in the limit x −→ 0 ψ ≈
ρ−5/3R(ρ) (sin (piν02 )/2α+O(1) +O(α) + . . .). Utilizing
this result we get
〈Ψf |HI |ΨB ,kλ〉 =
∫ ∞
0
dρ
1
ρ
R∗f (ρ)RB(ρ)
× (AΛ2| sin(piν0/2)|2 +O(Λ) +O(1) + . . .) ,(20)
At inter particle distance r ≈ ~/Λ the zero range ap-
proximation breaks down. Nevertheless, the details of
the wave function at distance r ≤ ~/Λ, as well as the
details of the regulator, i.e. the exact form of δΛ(x), do
not affect the structure of the solution.
The hyperradial integral in (20) is nothing but
I(ν0,−1) = IJ(ν0,−1) sin δ + IY (ν0,−1) cos δ given by
(13). Comparing this result with Eq. (16), we conclude
that near threshold q  κ the behavior of the photore-
action cross-section is the same for both the strong and
the normal hierarchy cases.
Considering now higher partial waves, we can utilize
the completeness of the hyperspherical harmonics and
expand the exponent in (6) into a power series in ρ and
hyperspherical harmonics, following the same arguments
leading to Eq. (11). The resulting transition matrix ele-
ments are again proportional to the IJ , IY integrals (12).
Consequently, log periodic oscillations will appear in the
high energy tail of the cross-section, in the same manner
as in the normal hierarchy case.
Summary — Summing up, we have explored photo re-
actions in universal Efimov trimers. We analyzed two
5physical scenarios, (i) Normal hierarchy, where naive
power counting holds and two-body currents are sup-
pressed with respect to the LO one-body terms, (ii)
Strong hierarchy, where the power counting is distorted
and two-body currents dominate. For both scenarios we
have observed that in all partial waves the high energy
tail of the response function exhibits log periodic oscilla-
tions. In contrast, at threshold log periodic oscillations
appear only in the leading s-wave multipole. These os-
cillations are the manifestation of the Efimov effect in
photo reactions. Considering photoassociation reactions
in ultracold atomic gases we have concluded that con-
temporary frozen-spin reactions fall into the category of
strong hierarchy. We have found that for temperatures
of the order of magnitude of the trimer’s binding energy
the oscillations appear has a pronounced structure that
can hopefully be observed experimentally without fine
tuning.
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